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Newton Algorithm for Fitting Transfer Functions
to Frequency Response Measurements
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In this paper the problem of synthesizing transfer functions from frequency response measurements is
considered. Given a complex vector representing the measured frequency response of a physical system, a
transfer function of specified order is determined that minimizes the sum of the magnitude-squared of the
frequency response errors. This nonlinear least squares minimization problem is solved by an iterative global
descent algorithm of the Newton type that converges quadratically near the minimum. The unknown transfer
function is expressed as a sum of second-order rational polynomials, a parameterization that facilitates a
numerically robust computer implementation. The algorithm is developed for single-input, single-output,
causal, stable transfer functions. Two numerical examples demonstrate the effectiveness of the algorithm.

I. Introduction

HE synthesis of transfer functions from frequency re-

sponse data has received considerable attention in the
literature due to its importance in the area of linear system
identification. Typically, the frequency response of a physical
system is measured with the aid of actuator-sensor hardware
and a data acquisition system. The measured response is then
used to synthesize a linear system that is subsequently used for
analysis and control system design. Not addressing the issues
associated with the measurement, the present paper focuses on
the problem of finding a transfer function whose frequency
response best approximates the measured response in the least
squares sense.

Also known as “‘complex curve fitting,”’! early work on this
problem concentrated on fitting the frequency response data
by a transfer function that minimizes a linear least squares
error function.!-6 Levy! expressed the unknown transfer func-
tion as a ratio of two complex polynomials (i.e., numerator
and denominator) and proposed to minimize the magnitude-
squared of the error weighted by the magnitude-squared of the
denominator. He showed that the solution satisfies a linear
least squares problem. Sanathanan and Koerner? extended
Levy’s approach by proposing an iterative technique whereby
the weighting used at iteration k is determined from the least
squares solution at iteration & — 1. Numerical case studies and
further analysis indicate that the Sanathanan-Koerner itera-
tion is superior to the noniterative scheme of Levy and often
yields good fits to the data.>$ More recently, numerically
robust computer implementations of these approaches have
been reported by Richardson and Formenti,> Adcock,* and
Dailey and Lukich,’ who express the numerator and denomi-
nator of the unknown transfer function as sums of orthogonal
polynomials. »

" However, there is no guarantee that the Sanathanan-Koer-
ner iteration will converge. In fact, the conditions under which
it converges are not known. Furthermore, Whitfield® showed
that even when this linear least squares iteration converges, it
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does not converge to the minimum of the nonlinear least
squares cost function that is defined by the sum of the magni-
tude squared of the frequency response errors. Yet a more
significant drawback of the Sanathanan-Koerner algorithm is
that it may converge to an unstable transfer function in situa-
tions where the given frequency response data represent a
perfectly stable system.

In the present paper we develop an iterative global descent
algorithm that searches for a minimum of the nonlinear least
squares cost function. The unknown transfer function is ex-
pressed as a sum of second-order rational polynomials, a
parameterization resulting in a numerically robust computer
implementation. Analytical expressions for the first and sec-
ond derivatives of the cost function with respect to the transfer
function parameters are obtained and used to set up a Newton
iteration. Near the minimum the algorithm converges quadrat-
ically. Far from the minimum a strategy is adopted to restrict
the size of the Newton step and to effectively deal with a pos-
sibly nonpositive definite Hessian matrix. As a result, each
iteration guarantees a decrease in the cost function, and all
iterates are restricted to have stable poles. Initialization of the
algorithm is addressed, and two examples representing lightly
damped flexible structures are presented.

II. Problem Statement

We begin by assuming that the sequence of frequency re-
sponse pairs

wi, GUw); i=12,... )
is known. The complex number G (jw;) will be referred to as
the measurement at frequency w;. We consider the problem of
finding a transfer function G(jw, x) such that the cost func-

tion

P

L4 “
Jx)= X wi|G(je) - G(jw;, x) ? @

i=1

is minimized. The positive constants w; allow the measure-
ments G (jw;) to be weighted. Numerous parameterizations of
the transfer function exist (i.e., ratio of two polynomials,
product of poles and zeroes, partial fraction expansion). In
this paper we adopt the following parameterization:

m

Gjw,x)= X

k=10
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where
xT=[aT bT o BT d] @
and
al=la, a - a,) (5a)
bT=1[b, by -+ byl (5b)
o ={a; o - ] (5¢)
BT=1B1 B2 Bul (5d)

The parameter vector x has dimension n =4m + 1, and it
completely defines the transfer function G (jw, x). As given in
Eq. (3), the order of G (jw, x) will always be even; however,
the term a,, /(a4 1 + jw) can easily be added on the right
side of Eq. (3) to allow for odd order transfer functions as
well.

1. Derivatives of the Cost Function
The cost function defined in Eq. (2) can be written as

P
J(x) = _;lwi[G(jw,-) - G(jw, V)] *[Glw) - Cljw;, x)]
(6)
where the asterisk denotes the complex conjugate transpose.

Direct differentiation yields the first and second derivatives of
J(x) in terms of the first and second derivatives of G (jw, x):

3J (x) e [8GUwin X)|*r 4, . .
g () 8= = Re ¥ owy | o= [6 (o x) — Gl
ax, [ ox,
(7
3y 4 a6 o, x)|*] 06 G w;
oo A FI®) R ¥ w, { (i, x)|*] 3G Gwi, x)
3x3 ax, i=1 aXS ax,
3G (jwi, ) |* 4 . )
— | [GUwi,Xx)—G(w)] (®
dx,0x,
where r, s =1, 2,...,n and Re denotes the real part of the

expression that follows it. The vector g (x) and matrix H(x)
are the gradient and Hessian of the cost function, respectively.
The first derivatives of the transfer function with respect to
the parameters are obtained by direct differentiation of Eq.

3):

3G (Jw,x) 1 ©2)
da, T, +jwB, — w? a
G (jw, x) Jjo
= 9b
ab, o, +jwf, — ? ©b)
3G (jw, x) —(a, + job,) 90)
= C
ao‘r (ar +jw6r - (*’2)2
aé (jwa x) _ _jw(flr +j°’br) (9d)
aBr (0‘7 +.1w6r - 0-’2)2
3G (jw, x)
—_— =1 9
9d (%e)
where r = 1,2,...,m.ASimilarly, for r,s=1,2,...,m, the
second derivatives of G (jw, x) are
PG (jw, x) _ 826G (jw, x) _ 326G (jw, x) —o (102)

dasoa, dbsaa, db,ab,
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PG (jw, x) -1
= S 10b
dagda, (0 + JjwBy — ) * ( )
azé . , 2/ : o
(o, x) _ ¥G(w,x) _ . J 5, (100)
d8s0a, da; 0b, (or +jwfB, — ‘*’2)2
G (jw, x) w?
= 8¢ 1od
aBsabr (ar +j‘-'~’.3r - w2)2 ( )
aZG" o .
(Jo, %) _ 2 (a, '+/wbr) 5, (10¢)
dos dey, (o +Jjowf3, — w2)3
BZG . , . : . .
(o, x) _ Jw(r{ + jwb,) 5, (109)
08,0, (o +jwB, — ‘-"2)3
3G (j — w? j
(Jo,x) _ w (_ar +Jjwb,) 5, (10g)
98506, (o +jwfy — o?)?

where 8, = 1 if s =r, and 8, = 0if s # r. Finally, all second
derivatives of G (jw, x) with respect to the parameter d vanish:

PG (jw,x) PC(jw,x) 3*G(jw, x)

dd da, ddab, ad dax,

2/5¢ 3 2¢35( 3
_¥GUw,x) _ FG(w, x) _ 0 (10h)
ad ags, ad?

The symmetry of the Hessian matrix (i.e., H,; = H,) is im-
plied from the differentiability of the transfer function
G (jw, x). The gradient and Hessian of the cost function can
be expressed directly in terms of the parameters by substitut-
ing Egs. (9) and (10) into Egs. (7) and (8).

IV. Newton Iteration

The power series expansion of the cost function J(x) about
0
x%is

Jx) =Jx%) + (x —x7g(x%) + % (x = xOT[HE](x — x%)

+ 0(fx = x°P) an

where || - ||denotes the Euclidean norm. The cost function has
a minimum at x°P if its gradient vanishes and its Hessian is
positive definite at x°* {i.e., g(x°®") = 0 and y TH(x°")y > 0,
vy #0]. Now if x° is in the neighborhood of x°P!, (i.e.,
[ x° — x°Pt|| < e, where € is a sufficiently small positive con-
stant), the nonlinear minimization problem

m)icn J(x) (12)

can be approximated by the considerably simpler minimiza-
tion problem

min §°(r) (13)

where
§0() = JO0) + (x — X7 g(6T) 4 5 ¥ [HEONx — x9)
' (14)

is the quadratic approximation of J(x) in the neighborhood of
x%. The solution of Eq. (13) is given by x = x! where

x'=x0— [Hx] ' g% (15)

Clearly, the minimizer of Eq. (13) is only an approximation to
the minimizer of Eq. (12) (i.e., x! = x°P). The procedure can
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be repeated by expanding the cost function in a power series
about x! and minimizing its quadratic approximation to ob-
tain x2, a better estimate of x°. The repeated minimization of
the quadratic approximation results in the iteration

xk+l = xk — [H(x*)] ! g (x*); k=0,1,2,... (16)
which is known as the Newton iteration. Under mild condi-
tions on the continuity of the cost function and its derivatives

in the neighborhood of x°%, it can be shown’ that the Newton
iterates xX converge quadratically to x°F, i.e.,

” xk+l _xopt“
lim x* = xort and m ————— <o (17)
k—o k—o || xk — xopt|?

The convergence of the Newton iteration to a minimum of the
cost function is highly sensitive in the initial iterate x°. Con-
vergence is guaranteed only when || x® — x°Pt||< ¢ and, in fact,
the iterates generated by Eq. (16) can diverge from x°Ftif x¢ is
not sufficiently close to x°?'. Generally, convergence problems
occur when the Hessian is not positive definite at some iterate
x* or when the quadratic function ¥(x) is a poor approxima-
tion to the cost function J(x) at x = x¥+!, To prevent diver-
gence, the Newton iteration is modified such that successive
iterates result in a decrease of the cost function.

V. Global Descent Strategy
One of the most effective methods for modifying the New-
ton iteration is the Levenberg-Marquardt technique’?:
xk+l=xk — [HK 4 gk 1171 g¥; k=0,1,2,... 13
where we have used the simplified notation H* = H(x*) and
g%=g(x*). The scalar u* is known as the Levenberg-Mar-
quardt parameter and its proper selection in the interval [0, o)
ensures that x* + 1 is a descent iterate, i.e., J(x** ') < J(x*) for
some pX€ [0, ). This is easily verified by considering the
eigen decomposition of the Hessian matrix:

H* = UFAYUXT (19)

where UKUK = UK U* = I, A* = diag(\, AL, ... ,)\). Substi-
tuting Eq. (19) into Eq. (18) yields
Xl = xk — UF[AR + gk N7V U gky kK =0,1,2,... 20)
from which it is clear that when p* > max{ I\ 1}, x¥+1 = x*
— g*/uk. Consequently, the Levenberg-Marquardt parameter
pX interpolates between the Newton step — [H*]~! g* and an
arbitrarily small step along the direction of steepest descent. A
conceptually simple descent algorithm can be obtained from
the sequence of scalar minimizations:

min J [x (1)) k=0,1,2,... (2la)
W

where
X(pk) = xK = [H*+ pt1] g (21b)

Alternatively, the value of u* in Eq. (18) can be selected such
that

[l = x| = o 22

where o is the radius of a “‘trust’’ region in parameter space
within which the quadratic approximation to the cost function
is valid. Substituting Eq. (20) into Eq. (22), we obtain the
explicit relation between the trust region parameter p* and the
Levenberg-Marquardt parameter p*:

l: n

ok \2] %

u g
E(xuuk)] = o* @3)
i=1 MY
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where u,-k is the ith column of U*. Thus, for a given value of
0%, the value of p* is sought that satisfies the previous nonlin-
ear equation. An efficient iterative technique for computing
the largest root of Eq. (23) is due to Hebden and is described
in Refs. 7 and 9. Consequently, the problem has shifted from
selecting u* in Eq. (18) to selecting p* in Eq. (23). The initial
value of the trust radius p° is arbitrary, but if the Hessian is
positive definite it may be selected such that x® = 0. In subse-
quent iterations the trust radius is adjusted in accordance with
the ratio:

3 J(xk) _ _](xk+ 1)
TR — gk

. 24)

When r* = 1, the quadratic approximation $%(x) to the cost
function J(x) is excellent, and the trust radius p**! may be
increased. Conversely, the quadratic approximation is poor
and p**! should be decreased. Such strategy has also been
adopted by Bryson and Carrier'® who address the closely
related optimal least squares model reduction problem.

Our global descent algorithm is a variation of the prototype
algorithms given by Fletcher” and Sorensen.’ It is implemented
as follows:

1) Initialize x = x%, p = p% k = 0.

2) Compute J(xX), g(x*), H(x¥)= U*A*U*" and test for
convergence; if || g (x“) |l < tolerance and min {Af} > 0, stop.
3) Solve Eq. (23) for y* and evaluate r* from Eq. (24).

4) If rF <0.25, set p*=0.250% and go to step 3. If r¥
> 0.75, set p¥= 2pF.

5) Set xk+ 1= yk UX[AX + ;,LkI]'lUkTgk, ok+tl=pk k=
k + 1, and go to step 2.

The stability of the iterates G (jw, x¥) depends on the signs
of the parameters o and 8 in vector x*. If any of these is
negative, the kth iterate reflects an unstable transfer function.
Consequently, the trust radius may be decreased until a stable
iterate is produced. This modification can be inserted before
step 5.

The eigen decomposition of the Hessian in each iteration is
not necessary, and the much faster Cholesky decomposition
may be used instead. However, when the number of points p
is very large (i.e., in the thousands) and the number of pa-
rameters n is considerably smaller (i.e., in the tens), the eigen
decomposition does not significantly slow down the algorithm
since most of the computation time during each iteration is
consumed in evaluating the cost function, gradient, and Hes-
sian,
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Fig. 1 Frequency response data and second-order optimal fit.
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VI. Approximating the Hessian
Here we discuss an approximation to the Hessian that re-
sults in reducing the number of computations in each itera-
tion. The cost function of Eq. (6) can be written in the form

J&) =[G - GW)I* WG - Gl 25)
where
G(jwr) (?(jwl,x)
G=| YD g |GV g
G i) G jp, )

and W = diag[w,, w,, ...,w,] is the diagonal matrix of fre-
quency weights. The nonlinear vector function G(x) can be
expanded in a power series about x* and approximated by
truncating all but the zeroth and first-order terms:

R - AG(x*
G(x) = G(x*) + % x —x%) (27a)
The matrix dG(x¥)/dx is the Jacobian of the error, i.e.,
—aé(jwl’x) aG(jwl’x) . aGA(jwlax)‘
axy ax; axy
3G (x*) A |8G (jwz, x) G (Jwy, X) ... 3G (jun, x)

ox ax 1 ox: ) ax, n

3G (Jjwp,x) 30G(jw,,x) ... 3G (jw,,X)
X 39X 0x, x=at
(27b)

Substitution of Eqs. (27) into Eq. (25) results in a quadratic
function that is minimized by x = x*+ 1

xkHl =Xk — [3A)] ' g (xh) (28)
where
' 3G (x*) |* P
g(x¥y=2Re T W G5 - G] (29)
and
arew o I £1(vk
J(xky = 2Re{[aG(x )] w [GG(x )B (30)
ax ox

Equation (29) gives the gradient of the cost function and is in
agreement with Eq. (7). The matrix 3C(x) is a positive definite
(or positive semidefinite) approximation to the Hessian H (x)
given in Eq. (8). Clearly JC(x) corresponds to the first term on

MAGNITUDE OF ERROR

1 2 3 4 5 6 7 8 9
FREQUENCY (RAD/SEC)

Fig. 2 Magnitude of the approximation error.
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. the right side of Eq. (8), which depends only on first-order
derivatives of the transfer function G (jw, x).

Equation (28) defines an iteration (also known as the Gauss-
Newton iteration™?) that is equivalent to solving a sequence of
linear least squares problems. As a result, the formation of the
approximate Hessian JC(x) is not necessary, and the orthogo-
nal decomposition of the Jacobian dG(x¥)/dx may be used to
solve the implied linear least squares problem in each itera-
tion. If J(x) is minimized at x°P and if the weighted error
W% [G — G || = VJ (x°P) is sufficiently small, the Gauss-
Newton iteration is effective and converges linearly when ini-
tialized in the neighborhood of x°. Along these lines,
| W* [G — G(x°")] | is considered large if it is comparable to
the largest eigenvalue of JC(x°P').® On the other hand, if the
cost function becomes identically zero at x°P* (i.e., an exact fit
to the data), it is evident from Eq. (8) that JC(x°") = H (x°P)
and the convergence rate of the Gauss-Newton iteration is
quadratic. So, the smaller the error at the minimum, the faster
the Gauss-Newton iteration converges. As with the Newton
iteration, when initialized far from the minimum, iteration
(28) may not converge at all; however, the Levenberg-Mar-
quardt modification discussed earlier provides for a global
descent algorithm.

The Gauss-Newton method is more computationally effi-
cient than its Newton counterpart and should be preferred
when it is anticipated that the cost function will be small at the
minimum (clearly the case of interest in most transfer function
curve-fitting problems). In certain cases the order of the trans-
fer function can be selected sufficiently large to insure that the
cost function is indeed small at the minimum. On the other
hand, the Newton iteration can be used when the cost function
is not expected to be small at the minimum as in cases where
the frequency response measurement is contaminated by large
levels of noise.

VII. Initialization
The proposed algorithm requires that the parameter vector x
be initialized. However, not all of the parameters need be
initialized. We will show that the cost function is quadratic in
the parameters a, b, and d, and, as a result, only parameters
o and S require initial values.
The parameter vector x can be partitioned as follows:

a
X = [xl ]; where x=|b{, Xy = [a] 31
X2 B

The transfer function defined in Eq. (3) can be written in the
form

Q

G(jw,x)=[A(jw, )] X (32)
where
A(jw, x) =[B7(jo, X)) jeBT(jw,x,) 1] (33)
and
(e +jwf — o?)!

(a2 + jo — w?) !

B(jw, x) = (34

(am +j°-’6m - (*’2)71

In view of Eq. (32) and the definition of G(x) in Eq. (26), the
cost function of Eq. (25) takes the form

J@x, ) =[G — AGa) xi]* WG — A(xy) x1] (35)
where

A (jwly XZ)

A(jwz, X2)

A@x) = (36)

A(jwp, x2)
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The structure of Eq. (35) reveals that the cost function is
quadratic in the parameter vector x;. We point out that non-
linear least squares problems of the general form of Eq. (35)
have been addressed by Golub and Pereyra'! and Ruhe and
Wedin.!? In their work, such special structure is exploited by
algorithms that minimize the cost function with respect to x,
and x, separately.

Consequently, for any initial value of x;, an initial value for
x; can be found that satisfies the minimization problem:

min J(x;, X3) (37)
Xy

This is a weighted least squares problem with solution

x; = {Re[d*(x2) WA (x2)]} ' Re[4* () WG] (3%

Therefore, only the parameter x» needs to be initialized. The
initial value of x| can be set from Eq. (38). A good initial value
of x, can often be obtained from the iterative linear least
squares algorithm of Sanathanan and Koerner.? We have used
the numerically superior implementation of Dailey and Lu-
kich® to initialize x, with much success.

VHI. Examples

The algorithm will now be applied to two examples. First,
the frequency response of a fourth-order transfer function is
sampled at 22 points and fitted with a second-order transfer
function. Second, 1600 frequency response measurements
from an experimental flexible structure are fitted with two
transfer functions of different order and the results obtained
are compared with the data.

Example 1

The purpose of this example is to demonstrate that the
proposed algorithm can be used for model reduction as well as
for model synthesis. Consider the frequency response given in
Table 1. This is obtained by sampling the fourth-order trans-
fer function

1.1s* + 0.688s% + 49.59252 — 35.28s
s+ 1.48s3 + 65.11252 + 26.325 + 784

G(s)=

ats =jw;, [ =1,...,22, where w; are the 22 frequency points
in the first column of Table 1. The preceding transfer function
represents a system with two flexible modes: the first is at 4
rad/s with 1% damping whereas the second is at 7 rad/s with
10% damping. We seek the second-order transfer function
G(s) = (a + bs)/(o + Bs + s?) -+ d that represents the best fit
to the data in the least squares sense. Using unity weighting
(ie.,w;=1;i=1,2,...,22), our algorithm converged to the
transfer function

—15.9937 — 0.8216s5

Gs) = + 1.0071
) = 15 5986 + 0.0800s + 5°
The cost function at the minimum was

22 R 2

Y |G(w) - C(jw)| =1.2979

i=1

The largest element of the gradient at the computed minimum
was approximately zero (i.e., | g(x°") |l = 107!2), and the
Hessian was positive definite (i.e., smallest eigenvalue at
+5.5873). The magnitude and phase of the complex curve fit
are plotted in Fig. 1. It is shown that the optimal second-order
transfer function captures the dominant mode at 4 rad/s. In
addition, a plot of the approximation error is shown in Fig. 2.
As expected, the magnitude of the error is largest at frequen-
cies near the nondominant mode at 7 rad/s.
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Fig. 3 Experimental data and sixth-order optimal fit.
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Fig. 4 Experimental data and eighth-order optimal fit.

Example 2

This example illustrates the application of the algorithm in
system identification of a lightly damped flexible structure.
The problem involved fitting a transfer function to frequency
response data taken from the Jet Propulsion Laboratory’s
precision truss structure.’® There are 1600 frequency response
measurements in the range 30-100 rad/s representing a trans-
fer function from a force actuator to an accelerometer. Direct
inspection of the magnitude plot suggested that a transfer
function of order six or higher would be necessary to ade-
quately capture the data.

Figure 3 shows the sixth-order optimal fit to the data. The
large error incurred indicates that a higher order curve fit
should be attempted. Using an eighth-order transfer function,
the Newton algorithm converged to the result shown in Fig. 4.
Clearly, the quality of the approximation is visually excellent,
and it is concluded that, in the frequency range of interest, the
dynamics of the flexible structure can be accurately modeled
by an eighth-order transfer function.
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Table 1 Frequency response data

w, rad/s Real [G (Jw)] Imag [G (jw)]
1.0 —0.0690 —0.0476
2.0 -0.3437 —0.1150
2.5 —0.6591 —0.1702
3.0 -1.3170 —0.2618
34 —2.6579 —0.3865
3.7 —6.0140 —0.3819
3.9 —17.9136 3.5101
4.0 . —9.0471 50.0080
4.1 16.5110 10.3599
4.3 7.0597 2.2383
4.6 3.9623 0.9463
5.0 2.6586 0.5504
5.5 1.9742 0.3998
6.0 1.5984 0.3853
6.4 1.4093 0.4714
6.7 1.3743 0.5972
7.0 1.4818 0.6779
7.3 1.6126 0.6066
7.6 1.6473 0.4747
8.0 1.6054 0.3423
8.5 1.5292 0.2503
9.0 1.4640 0.1998

As a final remark we point out that the curve fits in Figs. 3
and 4 were obtained using nonunity frequency weighting. In
particular, we found that the choice

1

=W; i=1,2,...,1600

w;

produced better quality approximations than the weighting
w; =1, From this and other examples it became evident that,
when unity weighting was used, the curve fits often had large
errors in the frequency ranges where the magnitude of the
measurement |G (jw;)| was small. This was observed particu-
larly in cases where there were large (i.e., better than 60 dB)
variations in the magnitude of the response. On the other
hand, the inverse-squared weighting tends to emphasize the
measurements with small magnitude at the expense of mea-
surements with large magnitude, thereby better capturing the
data near the antiresonances while sacrificing some accuracy
near the resonances. Naturally, when the fitted transfer func-
tion model is to be used for control system design, the fre-
quency weighting w; should be selected to emphasize the fre-
quency region where closed-loop performance is critical (i.e.,
near the loop gain cross-over frequency).

IX. Summary and Conclusions

In this paper we have considered the problem of synthesiz-
ing single-input, single-output transfer functions from fre-
quency response measurements. The unknown transfer func-
tion is parameterized by a sum of second-order rational
polynomials. An iterative algorithm of the Newton type is
developed to solve the complex curve-fitting problem in the
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least squares sense. Given an initial estimate of the unknown
transfer function poles, the algorithm seeks a local minimum
of the cost function using first- and second-order derivative
information. Regardless of the initial estimate, the cost func-
tion is decreased at each iteration and all iterates are con-
strained to have stable poles. This descent algorithm does not
guarantee convergence to the global minimum of the cost
function which may exhibit multiple local minima. However,
our experience with numerical examples indicates that, when
the cost function has multiple local minima, the approxima-
tion is often poor and the order of the transfer function can be
safely increased to improve the results. Two numerical exam-
ples demonstrate that the algorithm is effective in practice.
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